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We study the Jordan frame formulation of generalizations of scalar-tensor theories conceived by
replacing the scalar with other fields such as vectors. The generic theory in this family contains
higher order time derivative terms in the Jordan frame action which is indicative of ill-posedness.
However, we show that equations of motion can always be reduced to a second-order-in-time form
as long as the original Einstein frame formulation is well posed. The inverse transformation from
the Jordan frame back to the Einstein frame is not possible for all field values in all theories,
but we obtain a fully invertible transformation for vector-tensor theories by a redefinition of the
vector field. Our main motivation is a better understanding of spontaneous scalarization and its
generalizations, however our conclusions are applicable to a wide class of theories. Jordan frame
has been traditionally used for certain calculations in scalar-tensor theories of gravitation, and our
results will help researchers generalize these results, enabling comparison to observational data.
I. INTRODUCTION
Scalar-tensor theories (STTs) have been among the
most popular alternatives to general relativity (GR), and
also had a large impact on cosmology [1]. These theories
commonly posit that gravitation is governed by scalar de-
grees of freedom in addition to the usual metric of general
relativity, but their phenomenology can be very diverse
otherwise due to various different coupling terms in their
actions. An important feature of STTs is the freedom to
choose the fundamental field variables while formulating
them, e.g. one is always free to redefine a new metric
g˜µν by scaling a given metric gµν by a function of the
scalar φ: g˜µν = A
2(φ)gµν . Possibilities in such redefini-
tions are infinite, but two specific cases, called frames,
have been of special importance. The first is the Jordan
frame where the fundamental metric field of the theory
couples minimally to matter degrees of freedom, and the
second is the Einstein frame where the metric is such that
the metric action is in the Einstein-Hilbert form, hence
identical to that of GR [2].
Einstein and Jordan frames have been investigated in
great detail in the literature which has shown their equiv-
alence in many cases [2], revealed that one frame can be
more useful for analyzing specific problems such as ap-
proximation schemes [1, 3–5], and even led to the discov-
ery of previously overlooked STTs [6]. The aim of this
work is generalizing the analysis of the relationship be-
tween these two frames to theories that contain higher
spin fields such as vectors instead of scalars, or less com-
mon conformal scaling functions A(φ) such as those that
depend on field derivatives.
Our main motivation is the recently investigated phe-
nomenon of spontaneous tensorization which is a gener-
alization of spontaneous scalarization in the scalar ten-
sor theories introduced by Damour and Esposito-Fare`se
(DEF) [7]. In DEF theories, the scalar fields sponta-
neously grow to large values from arbitrarily small per-
turbations near neutron stars due to a tachyonic insta-
bility. Such a theory, with some minor caveats, confirms
to all known weak-field tests while providing large de-
viations from GR in the strong field, hence provides an
especially good target to be tested using gravitational
wave observations [8, 9]. The desirable controlled spon-
taneous growth in DEF theories is not a direct results of
the scalar nature of the coupling, or the tachyonic nature
of the instability. Any field that carries an instability,
such as a ghost on a vector field, in principle can lead to
similar spontaneous growth which is called spontaneous
tensorization [10, 11]. Overall, the theory of DEF is but
one member of a large family of theories with similar
observational signatures, all of which can be potentially
tested with gravitational waves in the near future [11].
All spontaneous tensorization theories have been for-
mulated in the Einstein frame for reasons we will discuss,
and he main theme of this study is their properties in the
Jordan frame. Despite our motivation, we will not spec-
ify our coupling terms to those that incite spontaneous
growth, hence our results are general. We will use the
terminology of Einstein and Jordan frames in a general-
ized sense, the former is always the one where the grav-
itational action is in the Einstein-Hilbert form, and the
latter is always the one where matter fields couple to the
metric minimally.
In Sec. II we present the tranformation between Ein-
stein and Jordan frames in the quintessential STT of
Brans and Dicke (BD) [12] whose conformal matter cou-
pling structure is kept in all other theories we are inter-
ested. In Sec. III we obtain the Jordan frame for a vector-
tensor theory. In Sec. IV we go back to scalar fields, but
this time study derivative couplings. We demonstrate the
existence of higher derivative terms in the Jordan frame,
commonly indicative of ill-posedness, and present the re-
sults from the existing literature which resolve this prob-
lem. We also discuss the invertibility of the frame trans-
formations. In Sec. V we analyze the most general spon-
taneous tensorization theory which also has potentially
dangerous higher derivative terms in the Jordan frame.
We address this problem by showing that the equations
of motion have at most second order time derivatives. In
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2the last section, we summarize and discuss our results.
II. CHANGING THE FRAME IN
SCALAR-TENSOR THEORIES
The most elementary case to compare the Einstein and
Jordan frames is the Brans Dicke theory which was first
introduced in the Jordan frame [12]
1
16pi
∫
d4x
√
−g˜ ΦR˜− 1
16pi
∫
d4x
√
−g˜ ω(Φ)
Φ
g˜µν∂µΦ∂νΦ
+ Sm [fm, g˜µν ] (1)
where Φ is the scalar field, R˜ is the Ricci scalar associated
with the Jordan frame metric g˜µν , and fm denotes any
matter degrees of freedom in the spacetime with their
respective action SM . ω = constant for BD, but it can
be generalized to obtain other STTs, for example ω =
−3/2− 1/(2β log Φ) with a negative constant β gives the
spontaneous scalarization of DEF [5].
Eq. 1 deviates from the action of a scalar field min-
imally coupled to GR by the Φ factor in the Einstein-
Hilbert-like first term, and by the non-canonical scalar
field action. The former issue can be addressed by ex-
pressing the action in terms of another metric which is
conformally related the the original, gµν = A
−2g˜µν , since
then
R˜ = A−2R− 6gµνA−3∇µ∇νA
⇔ R = A2R˜+ 6g˜µνA−1∇˜µ∇˜νA (2)
which can be shown by straightforward calculation of
the Ricci scalar in 4 spacetime dimensions. Here, all
quantities with a tilde are related to g˜µν , and bare
ones are related to gµν .
1 Remembering that g˜ = A4g
and g˜µν = A−2gµν , we immediately see that the choice
g˜µν = Φ
−1gµν , puts the action in the form
1
16pi
∫
d4x
√−g
[
R− 3/2
Φ2
gµν∂µΦ∂νΦ
]
− 1
16pi
∫
d4x
√−g ω(Φ)
Φ2
gµν∂µΦ∂νΦ
+ Sm
[
fm,Φ
−1gµν
]
(3)
up to boundary terms. The first term is exactly that of
GR as we desired.
The second problem of having a non-canonical scalar
action can also be addressed by using our freedom to
redefine the scalar field. Introducing φ such that
dΦ
dφ
=
√
4Φ2
3 + 2 ω(Φ)
(4)
1 Our tilde convention follows DEF and the spontaneous scalar-
ization/tensorization literature. The opposite is sometimes em-
ployed e.g. in [6].
finally puts the action into the commonly used Einstein
frame form
1
16pi
∫
d4x
√−g R− 1
16pi
∫
d4x
√−g 2gµν∂µφ∂νφ
+ Sm
[
fm, A
2(φ)gµν
]
. (5)
We call A(φ) ≡ (Φ(φ))−1/2 the conformal scaling func-
tion. All the “alternative” nature of this action is in its
matter coupling, the first two terms simply represent a
scalar field living under GR. The price to have these fa-
miliar action terms is the nonminimal matter coupling.
For the BD and DEF theories, the scalar field redefini-
tions are
Φ = exp
(√
4
3 + 2ω
φ
)
, Φ = exp
(−βφ2) (6)
respectively.
III. JORDAN FRAME IN THEORIES OF
SPONTANEOUS VECTORIZATION
A close examination of the DEF theory in Eq. 5 shows
that one can get similar alternative theories of gravity by
replacing the scalar by a vector as [10, 13]
1
16pi
∫
d4x
√−g R− 1
16pi
∫
d4x
√−g gµρgνσFρσFµν
+ Sm
[
fm, A
2
X(x)gµν
]
, x = gµνXµXν , (7)
where Xµ is a vector field that governs gravity in addition
to the metric, similarly to the scalar field in STTs, and
Fµν = ∇µXν − ∇νXµ = ∂µXν − ∂νXµ. We keep all
vector-related quantities in the lower index to explicitly
see the the inverse metric terms.
It is clear from this presentation why Einstein frame
is more suitable to generalize STTs to vectors or other
fields. Both the metric (Einstein-Hilbert) and the scalar
field actions are in their “standard” forms, hence one
keeps the Einstein-Hilbert action and replaces the action
of the scalar with the standard action for a vector field
to obtain a “vector-tensor” theory.2 Whereas, it is hard
to see how to change the unusual scalar field terms in
the Jordan frame of Eq. 1 to those of vectors. In Eq. 7,
modification to GR comes in the form of a confomal scal-
ing of the metric that interacts with matter fields, just
as for the DEF or BD theories. Then our only choice is
the function AX . It has been shown that AX = e
βXx/2
with a constant βX or a similar function whose leading
behavior around 0 is second order in its argument x leads
2 In the original formulation the vector is massive to conform to
some possible observational bounds [10]. However, intrinsic mass
of vectors or scalars do not affect the current discussion.
3to spontaneously growing vector fields in the vicinity of
neutron stars in analogy to spontaneous scalarization.
Remembering that we define the Jordan frame of a
theory as where the metric couples minimally to the
matter fields, we want to express the action in terms of
g˜µν = A
2
X gµν for which the action becomes
1
16pi
∫
d4x
√
−g˜ A¯−2X R˜−
1
16pi
∫
d4x
√
−g˜ g˜µρg˜νσFρσFµν
+
6
16pi
∫
d4x
√
−g˜ g˜µν∂µA¯−1X ∂νA¯−1X
+ Sm [fm, g˜µν ] . (8)
A¯X is simply AX , but now implicitly defined as a function
of the field variables in the new frame by
A¯X(g˜
µνXµXν) = AX(A¯
2
X g˜
µνXµXν) . (9)
For example, the exponential function we used before
now means
A¯2X = e
βX g˜
µνXµXνA¯
2
X . (10)
The implicit definition in Eq. 9 is unappealing, and
more importantly cannot be always inverted for given
{g˜µν , Xµ}, rendering the theory meaningless for such val-
ues in the Jordan frame. We will discuss this issue in
more detail in the coming sections, but we can address it
for this specific theory by utilizing the freedom to rede-
fine the vector field. Consider
X˜µ ≡ A¯XXµ . (11)
Now we can re-express AX as a function of g˜µν and X˜µ
as
A˜X(g˜
µνX˜µX˜ν) = AX(g˜
µνX˜µX˜ν) , (12)
that is A˜X has the exact same functional form as AX ,
but for a different set of variables. For the exponential
function we considered before
A˜X = e
βX g˜
µνX˜µX˜ν/2 . (13)
Thus, one can transform from one frame and set of field
variables to the other in the straightforward manner
g˜µν = A
2
Xgµν gµν = A˜
−2
X g˜µν
X˜µ = AXXµ Xµ = A˜
−1
X X˜µ (14)
AX = e
βXg
µνXµXν/2 A˜X = e
βX g˜
µνX˜µX˜ν/2
The transformation {gµν , Xµ} ↔ {g˜µν , X˜µ} is invertible.
We will see that this is not always the case in other gen-
eralizations of STTs.
Finally, the Jordan frame action in terms of the new
variables {g˜µν , X˜µ} is given by
1
16pi
∫
d4x
√
−g˜ A˜−2X R˜−
1
16pi
∫
d4x
√
−g˜ A˜−2X F˜µν F˜µν
− 2
16pi
∫
d4x
√
−g˜ A˜−2X Λ˜2X
[
(x˜− 3− Λ˜−1X )∇˜µx˜∇˜µx˜
− (X˜µ∇˜µx˜)2 + 2Λ˜−1X (X˜ρ∇˜ρX˜µ)∇˜µx˜
]
+ Sm [fm, g˜µν ] , (15)
where F˜µν ≡ ∇˜µX˜ν − ∇˜νX˜µ, x˜ ≡ g˜µνX˜µX˜ν , Λ˜X ≡
A˜−1X (dA˜X/dx˜) and all raising is performed with g˜
µν . The
action for the vector field is not the standard one, but this
is expected in the Jordan frame as in Eq. 1.
We should note that the actions in Eq. 8 and Eq. 15
both satisfy our definition of the Jordan frame since they
both have minimal matter coupling. However, we will
prefer the latter since it does not suffer from the nonex-
istence of A¯X for certain field values in Eqs. 9, 10, hence
we consider {g˜µν , X˜µ} to provide a more natural setting
for the Jordan frame.
X˜ carries three degrees of freedom rather than the
usual two in Maxwell fields since it lacks the gauge free-
dom X˜µ → X˜µ+∂µλ. We can consider the degree of free-
dom in the norm x˜ separately, and view X˜µ as carrying
the remaining two. Thus, we can treat x˜ as an indepen-
dent scalar which couples to the vector action F˜µν F˜µν
in addition to the gravity term R˜. This is reminiscent of
Einstein-Maxwell-scalar theories, especially the ones that
feature a newly discovered type of spontaneous scalariza-
tion [14]. This might lead to an alternative understand-
ing of the vectorization process through the scalar degree
of freedom in x˜, and provide new connections between
spontaneous vectorization and spontaneous scalarization.
Note that one can also define χ˜ = A˜−2X and express Eq. 15
in somewhat closer resemblance to Eq. 1 where χ˜ would
behave like a scalar.
IV. JORDAN FRAME FOR GHOST-BASED
SPONTANEOUS SCALARIZATION
A second avenue to generalize spontaneous growth of
DEF is using a different instability, as opposed to using
a different field. More concretely, the tachyonic can be
replaced by a ghost if the conformal scaling depends on
the derivative terms in the action
1
16pi
∫
d4x
√−g R− 1
16pi
∫
d4x
√−g 2gµν∂µφ∂νφ (16)
+ Sm
[
fm, A
2
∂(K)gµν
]
, K ≡ gµν∂µφ∂νφ .
The resulting theory leads to scalarization of neutron
stars, e.g for the choice A∂(K) = e
β∂K/2 with some con-
stant β∂ [11]. This theory is named ghost-based spon-
taneous scalarization since it can be shown that small
perturbations around the scalar field vacuum behave like
4a ghost, but this instability is suppressed as the field
grows.
Using Eq. 2, we can transform to the Jordan frame
with g˜µν = A
2
∂gµν
1
16pi
∫
d4x
√
−g˜ A˜−2∂ R˜−
2
16pi
∫
d4x
√
−g˜ A˜−2∂ K˜
+
6
16pi
∫
d4x
√
−g˜ g˜µν∂µA˜−1∂ ∂νA˜−1∂
+ Sm [fm, g˜µν ] , K˜ ≡ g˜µν∂µφ∂νφ . (17)
A˜∂(K˜) is defined implicitly through
A˜∂(K˜) = A∂(A˜
2
∂(K˜)K˜) , (18)
e.g. the exponential conformal scaling above leads to3
A˜2∂ = e
β∂K˜A˜
2
∂ . (19)
Even though this Jordan frame formulation looks quite
similar to that of the vector field case in Eq. 8 and 9, it
brings in new issues to tackle. First, Eq. 17 contains
terms with more than one time derivatives of φ through
∂µA˜∂ , which might indicate an unphysical nature due to
Ostrogradsky’s theorem [15]. This is peculiar, since we do
not expect the nature of the theory to change radically
from one frame to the other, and there are no higher
time derivative terms in the Einstein frame formulation
in Eq. 16.
This puzzle can be resolved by considering the equa-
tions of motion in the Jordan frame [6]
G˜µν = 8piA˜
2
∂ T˜µν − 2A˜∂(g˜µν˜A˜−1∂ − ∇˜µ∇˜νA˜−1∂ ) (20)
− 2Λ˜∂(6A˜∂˜A˜−1∂ − R˜)∂µφ∂νφ
+ A˜−2∂ g˜µν g˜
ρσ∂σA˜∂∂ρA˜∂ − 4A˜−2∂ ∂µA˜∂∂νA˜∂
+ 2∂µφ∂νφ− g˜µνK˜ − 4Λ˜∂K˜∂µφ∂νφ
0 = ∇˜µ
(
Λ˜∂A˜
−2
∂ (6A˜∂˜A˜−1∂ − R˜+ 2K˜ − Λ˜−1∂ )∇˜µφ
)
where Λ˜∂ ≡ A˜−1∂ (dA˜∂/dK˜). These equations indeed
have up to fourth order time derivatives indicative of
ill-posedness. However, the trace of the first equation
gives
6A˜∂˜A˜−1∂ − R˜ =
8piA˜2∂ T˜ − 2K˜ − 4Λ˜∂K˜2
1 + 2Λ˜∂K˜
. (21)
Hence, as long as the stress energy tensor of matter is
first order, 6A˜∂˜A˜−1∂ − R˜ can be re-expressed in terms
of first derivatives, and ∂2t A˜∂ can be re-expressed in terms
3 We can have an explicit definition in this specific case in terms
of the relatively well-known Lambert W function W (xex) ≡ x:
A˜∂(K˜) =
√
W (−β∂K˜)/(−β∂K˜). However, the definition is im-
plicit for generic A∂ .
of at most second time derivatives of φ and g˜µν . Inserting
these identities back ensures that Eq. 20 contains at most
second time derivatives [6].
The second issue in the Jordan frame formulation is
the implicit definition of A˜∂ in Eq. 18 which does not
necessarily have a solution for all K˜ for a given A∂ . For
example, the exponential function we discussed (Eq. 19)
only provides a solution for A˜∂ if β∂K˜ < e
−1 and is
multi-valued for positive β∂K˜. This also implies that it
is not always possible to invert g˜µν to gµν . In some sense,
all possible values of {g˜µν , φ} is too big a configuration
space for our theory. This is not the case for all A˜∂ , for
example the choice A∂(K) = e
γ∂K
2
leads to a A˜∂(K˜)
defined for all K˜ values [6].
Non-invertibility of the frame transformation is not a
new problem, and is present in the simplest STTs such
as BD as well. In Eq. 1, Φ is constrained to be posi-
tive. Field variables cannot be transformed to the Jordan
frame otherwise due to Eq. 6, and the action also becomes
meaningless for the DEF theory due to the logarithmic
terms in ω(Φ). Nevertheless, we would still want to have
an invertible transformation between frames for as much
of the configuration space as possible.
Note that we encountered the non-invertibility prob-
lem in vector-tensor theories as well (Eq. 9, 10), but the
redefinition of the vector field, Xµ → X˜µ resolved the
issue by providing a fully invertible transformation be-
tween the frames in Eq. 14. In other words, the full range
of X˜µ was just right for our theory while that of Xµ was
“too big”. We were not able to construct any such redef-
inition φ → φ˜ in the current case. As an example, the
most obvious candidate
∂µφ˜ ≡ A˜∂∂µφ (22)
leads to the explicit definition A˜∂ = A∂(g˜
µν∂µφ˜∂ν φ˜) and
a fully invertible tranformation between frames. How-
ever, this also implies ∂µ∂ν φ˜ 6= ∂ν∂µφ˜, hence such a dif-
ferentiable φ˜ does not exist.
A related problem to the nonexistence of A˜∂ for cer-
tain field values would be the following: if we start with
some initial data {g˜µν , φ} and their first derivatives in
the Jordan frame for which A˜∂ is defined, does the time
evolution lead to values of {g˜µν , φ} for which A˜∂ is de-
fined everywhere in the future of the initial data? Since
the non-existence of A∂ is not a problem in the Einstein
frame for any values of {gµν , φ}, we would expect the an-
swer to be affirmative. A proper analysis requires tools
from the theory of partial differential equations, and we
hope mathematical physics can provide some insight for
this problem which has not been addressed in the gravi-
tational physics literature to the best of our knowledge.
Lastly, the fact that the equations of motion are ul-
timately second order in time derivatives in the Jordan
frame may suggests that there is also a field redefinition
that would allow the action to contain only first order
derivatives, but we could not identify a simple example
5of this aside from the trivial transformation of going back
to the Einstein frame.
V. JORDAN FRAME FOR GENERIC
SPONTANEOUS TENSORIZATION
We have seen that spontaneous growth can be gen-
eralized from scalars to vectors, or from a tachyon-
based mechanism to a ghost-based mechanism. This
approach can be continued to various other fields such
as spinors [16], other mechanisms such as spontaneous
growth through the Higgs mechanism [17], or any combi-
nation of them. All these form the family of spontaneous
tensorization theories.
How generic are the issues of higher time derivatives
and invertibility of frame transformations that we en-
countered in Sec. IV? If they appear in a generic spon-
taneous tensorization theory, can they be resolved sim-
ilarly to the case of ghost-based spontaneous scalariza-
tion? Consider the following general action for which all
the theories we have investigated so far are special cases
1
16pi
∫
d4x
√−g R− 1
16pi
∫
d4x
√−g Lψ(gµν , ψ, ∂ψ)
+ Sm
[
fm, A
2
ψ(g
µν , ψ, ∂ψ)gµν
]
. (23)
Here, ψ is any field, potentially with multiple tensor in-
dices, and ∂ψ is a collective symbol for its first deriva-
tives. The Jordan frame of such a theory is obtained by
g˜µν = A
2
ψgµν which has the action
1
16pi
∫
d4x
√
−g˜ A˜−2ψ R˜−
1
16pi
∫
d4x
√
−g˜ L˜ψ(g˜µν , ψ, ∂ψ)
+
6
16pi
∫
d4x
√
−g˜ g˜µν∂µA˜−1ψ ∂νA˜−1ψ
+ Sm [fm, g˜µν ] . (24)
where A˜ψ(g˜
µν , ψ, ∂ψ) is defined implicitly as
A˜ψ = Aψ(A˜
2
ψ g˜
µν , ψ, ∂ψ) , (25)
and
L˜ψ(g˜µν , ψ, ∂ψ) = A˜−4ψ Lψ(A˜2ψ g˜µν , ψ, ∂ψ) . (26)
The crucial point is that, L˜ψ and A˜ψ are still only func-
tions of at most the first derivatives of ψ.
The equations of motion in the Jordan frame are
G˜µν = 8piA˜
2
ψT˜µν − 2A˜ψ(g˜µν˜A˜−1ψ − ∇˜µ∇˜νA˜−1ψ ) (27)
− 2 (6A˜ψ˜A˜−1ψ − R˜)A˜−1ψ
δA˜ψ
δg˜µν
+ A˜−2ψ g˜µν g˜
ρσ∂σA˜ψ∂ρA˜ψ − 4A˜−2ψ ∂µA˜ψ∂νA˜ψ
− A˜
2
ψ√−g˜
δ(
√−g˜L˜ψ)
δg˜µν
0 =
1√−g˜ ∂µ
(√
−g˜A˜−3ψ (6A˜ψ˜A˜−1ψ − R˜)
δA˜ψ
δ(∂µψ)
)
− A˜−3ψ (6A˜ψ˜A˜−1ψ − R˜)
δA˜ψ
δψ
− 1
2
δL˜ψ
δψ
.
The second equation contains the fourth derivative term
∇˜µ˜A˜−1ψ and both equations have third time derivatives
of ψ. Both cases are potentially problematic. However,
the trace of the first equation implies
6A˜ψ˜A˜−1ψ − R˜ =
8piT˜ − A˜
2
ψ√−g˜
δ(
√−g˜L˜ψ)
δg˜µν
1 + 2A˜−1ψ
δA˜ψ
δg˜µν
, (28)
in complete analogy to Eq. 21. 6A˜ψ˜A˜−1ψ − R˜ can be
expressed in terms of at most first derivatives of the
fundamental field variables {g˜µν , ψ} as long as A˜ψ, L˜ψ
and matter stress-energy contain at most first derivatives.
This in turn means ∂2t A˜ψ can also be expressed in terms
of at most two time derivatives. Hence, changing from
the Einstein frame (Eq. 23), to the Jordan frame (Eq. 24)
does not introduce ill-posedness.
Note that our starting action Eq. 23 in the Einstein
frame is general enough to contain potential self inter-
action terms for ψ in L, and a conformal scaling Aψ
that depends both on ψ and its derivatives. Thus, our
results continue to hold for the spontaneous growth of
massive scalars or vectors, or theories where ghost-based
and tachyon-based instabilities are present at the same
time. It is also trivial to generalize the result to a col-
lection if fields ψ(i). These cover all examples of sponta-
neous tensorization in the literature [10, 11, 16, 17]. All
these theories, aside from spontaneous vectorization in
Sec. III, also contain conformal scaling functions which
contain derivatives. Hence, the resolution of the higher
time derivative problem we outlined is central to their
viability in the Jordan frame as physical theories.
Invertibility of the frame transformation in relation to
the existence of a solution to Eq. 26 for A˜ψ is not resolved
in general. All possible values of ψ provide too big a con-
figuration space in the Jordan frame, and the questions
we posed in Sec. IV are open in this generic case as well.
However, we remind that such problems are present even
in the DEF theory.
6VI. CONCLUSIONS
We studied the Jordan frame formulation of general-
izations of STTs, where the scalar is replaced with other
fields, and couplings can depend on derivatives. Our mo-
tivation came from the specific class of theories that fea-
ture spontaneous tensorization. These are most natu-
rally defined in the Einstein frame where the action for
the additional field to the metric (e.g. the vector) is in
the canonical form. However, our results can be applied
to any generalization of STTs that is based on a confor-
mal scaling of the metric in the matter action by some
function of a dynamical field and its first derivatives.
The first case we examined is the vector-tensor theory
obtained by replacing the scalar in the DEF theory by a
vector where the conformal scaling function AX depends
on the norm of the vector field. A completely invertible
transformation (Eq. 14) can be obtained if the vector field
is redefined in the Jordan frame, Xµ → X˜µ = AXXµ,
as well as the metric. Moreover, interesting connections
can be observed to the recently discovered spontaneous
growth in Einstein-Maxwell-scalar theories [14].
Jordan frame of ghost-based spontaneous scalarization
where the conformal scaling depends on the derivatives
of the scalar field presents challenges. First, the Jordan
frame contains higher derivative terms indicative of ill-
posedness due to Ostrogradsky’s theorem, which is odd
since this is not an issue in the Einstein frame, and we
would not expect the nature of the theory to change in
such radical fashion due to a frame change. The equa-
tions of motion indeed contain up to fourth order time
derivatives, but it can be shown that such terms can-
cel each other to render the equations second order in
time. It is also curious to see that the conformal scaling
function cannot be defined for all values of the field vari-
ables {g˜µν , φ} which causes the transformation between
frames to be non-invertible. We could not find a formu-
lation where this problem is resolved, but noted that this
is the case even in the DEF theory where the scalar field
is restricted to be positive in the Jordan frame. It is im-
portant to understand the meaning of the field values in
the Jordan frame where the transformation back to the
Einstein frame is not defined, which we leave to future
studies.
We finally showed that a generic spontaneous ten-
sorization theory contains higher time derivative terms
in its formulation, much like ghost-based spontaneous
scalarization. The equations of motion are again ulti-
mately rendered second order in time, even though they
naively contain fourth time derivatives, demonstrating
that the Jordan frame formulation does not introduce ill-
posedness. We should add at this point that the fact that
there are only first derivative terms in the Einstein frame
action does not guarantee well-posedness. A theory can
be rendered unphysical by other factors such as indefi-
nitely growing fields such as ghosts, even if the equations
of motion have no more than two time derivatives. The
Einstein frame formulation of spontaneous tensorization
theories are not known to be completely free of such un-
desirable features [11, 16, 17], but our work here shows
that transferring to the Jordan frame at least does not
add new sources of ill-posedness.
Certain calculations on STTs have been performed us-
ing the Jordan frame such as the gravitational wave mem-
ory for the DEF theory [4]. Consequently, we believe this
study will enable researchers to extend similar work to
spontaneous tensorization in general. Possibility of near-
future testing is a basic appeal of spontaneous scalariza-
tion and tensorization. Calculations of specific observa-
tional signs will enable the gravity community to com-
pare the predictions of these theories to actual observa-
tions, and understand the differences between individual
theories in the spontaneous tensorization family.
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